Estimation of internal defect size by means of radial deformations in pipes subjected to internal pressure  by Nunes, L.C.S. & Nascimento, V.M.F
Thin-Walled Structures 49 (2011) 298–303Contents lists available at ScienceDirectThin-Walled Structures0263-82
doi:10.1
n Corr
E-mjournal homepage: www.elsevier.com/locate/twsEstimation of internal defect size by means of radial deformations in pipes
subjected to internal pressureL.C.S. Nunes n, V.M.F Nascimento
Laboratory of Opto-Mechanics (LOM/LMTA), Department ofMechanical Engineering (PGMEC-TEM), Universidade Federal Fluminense—UFF, Rua Passo da Pa´tria, 156, Bloco E, Sala 216,
Nitero´i, RJ CEP 24210-240, Brazila r t i c l e i n f o
Article history:
Received 10 June 2010
Received in revised form
6 November 2010
Accepted 6 November 2010
Available online 20 November 2010
Keywords:
Structural integrity
Energy method
Local wall thinning31 & 2010 Elsevier Ltd.
016/j.tws.2010.11.003
esponding author. Tel./fax: +55 21 2629 5588
ail address: luizcsn@mec.uff.br (L.C.S. Nunes).
Open access under the Ela b s t r a c t
Metals like carbon steel are used extensively in pipeline industries due to simplicity and economy.
However, ﬂaws such as cracks, pitting, local wall thinning can be generated by corrosion, erosion, and
environmental exposure to various substances. In this paper, an analysis of asymmetric radial
deformation in pipe with local wall thinning under internal pressure is proposed. The deformation is
asymmetric with respect to the axis and consists of a radial displacement of all points in the wall of the
pipe. Here, only the vertical and horizontal displacements in pipe are taken into account and they are
calculated by means of strain energy method based on the classical Castigliano’s theorem. In order to
validate the results, a commercially available ﬁnite element code is used. The agreement between the
theoretical predictions and numerical results is very close. It is found that the internal defect sizes can be
estimated knowing the horizontal and vertical displacements.
& 2010 Elsevier Ltd.Open access under the Elsevier OA license.1. Introduction
Recently, there has been growing interest in structural integrity
of pipe. A large number of the pipes aremade ofmetals, like carbon
steel, and they are used extensively in the petrochemical, reﬁnery,
and pipeline industries [4]. The reason for this is simply economic.
It is widely available, inexpensive, andmaintainable. However, this
type of material is susceptible to ﬂaws such as cracks, pitting, local
wall thinning, which can be generated by corrosion, erosion, and
environmental exposure to various substances [8,6,9]. Therefore, it
is very important to evaluate the strength of pipe with local wall
thinning to maintain the integrity of the pipeline systems. Many
papers [10,1,7] on local wall thinning have been developed
focusing the mechanical behavior of pipe under combined loading,
some of them [8,9,11] using ﬁnite element method to investigate
themechanical behavior of pipewith defect. Nevertheless, inmany
cases the analyses expend a lot of computing time. This paper
presents an analysis of asymmetric radial deformations in pipe
with local wall thinning under uniformly distributed internal
pressure. The analytical radial displacements are calculated by
means of classical theoremof Castigliano [3,5,2], and the results are
compared and validatedwith ﬁnite element (FE) analysis. Themain
goal of this paper is to present an alternative form to estimate
internal defect size in pipe subjected to internal pressure..
sevier OA license.2. Circular pipe with local wall thinning subjected to internal
pressure
Consider a pipe like a thin-walled cylinder of mean radius r and
thickness t, as shown in Fig. 1(a). The pipe with internal defect
(local wall thinning) is subjected to the action of uniformly
distributed internal pressure of intensity p. The defect is repre-
sented by an angle of 2y and a depth of d. In this paper, for
simplicity, the defect is assumed to be symmetric along the
circumferential axis and it is extend throughout the entire length
of the cylinder. The problem can geometrically be interpreted as
shown in Fig. 1(b). In order to solve this statically indeterminate,
the problem Castigliano’s theorem is used.
In the present analysis, it will be considered that the radial
displacements, dH and dV, which are associated with the strain
energy, are only due to circumferential bending moment and
membrane forces acting on the cross section. This hypothesis is
reasonable because the strain energy due to shearing force is
smaller when compared with others, thus it can be neglected.
2.1. Bending moments and reaction forces
Firstly, themagnitude of the circumferential bendingmoments,M2
andM1, andmembrane forces,N1 andN2,will be determinedbymeans
of Castigliano theorem. Let us consider the bendingmoment of curved
bar at any cross section, as illustrated in Fig. 2, it can be given by
Mðx,fÞ 
Mr ¼Mðr,fÞ, 0rfoy
Mr ¼Mðr,fÞ, yrfrp
(
ð1Þ
Nomenclature
d Depth of the defect
E Youngs modulus
H1, H2, FLV ,F
R
V Virtual forces
Ir, Ir Second moment areas of cross-sectional in non-defect
and defect region
M1, M2 Bending moments in end section
Mr, Mr Bending moments at any cross section in non-defect
and defect region
p Inner pressure
ri, r Internal radius, mean radius in non-defect
SMYS Speciﬁed minimum yield strength
t Pipe wall thickness
U, Uo Total strain energy, strain energy density
N1, N2, HL, HR Membrane forces
dH, dV Horizontal and vertical displacements
er, ef Radial and circumferential strain
n Poisson’s ratio
y Half angle of total defect
r Mean radius in defect region
srf, s
r
f Circumferential stress distribution in non-defect and
defect region
sz ,sVM Longitudinal stress, equivalent stress based on
Von Mises
S Region of integration
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and it is given by r¼ri+t/2 in non-defect region. The bendingmoments
in these two regions, as shown in Figs. 3 and 4, can be written as
Mr ¼M2ðN2rpr2Þð1cosfÞ
Mr ¼MyþRHyRVxþ
p
2
ðx2þy2Þ ð2ÞFig. 1. Geometry of pipe with local wall thinning: (a) real conﬁguration and
(b) idealized conﬁguration.
Fig. 2. Scheme representative of half pipe.
Fig. 3. Geometry considering one quadrant of the pipe.where
RH ¼ prsiny and RV ¼N2prð1cosyÞ
x¼ rcosyrcosf and y¼ rsinfrsiny
My ¼M2ðN2rpr2Þð1cosyÞ
The parameters H1, H2, F
L
V , and F
R
V , shown in Figs. 3 and 4, are
imaginary forces, which will be described in Section 2.3 thus,
Mr ¼M2N2ðrrcosfÞprrcosfþ
p
2
ðr2þr2Þ ð3Þ
In order to determineN2 andM2, it can be used two information
associate with symmetry: (i) slope is zero, the cross section n–n
does not rotate during the bending of the pipe and (ii) the
displacement in the direction of N2 at cross section n–n is zero.
Then, from the slopes we have
dU
dM2
¼ 0, where U ¼
Z f
0
M2
2EI
xdf ð4Þ
in which U is the strain energy of half pipe which we are
considering. Substituting the Eqs. (2) and (3) into (4), we ﬁnd
the following expression:
r
Ir
Z y
0
@Mr
@M2
Mrdfþ
r
Ir
Z p
y
@Mr
@M2
Mrdf¼ 0 ð5Þ
where qMr/(qM2)¼qMr/(qM2)¼1, and the second moment areas
are Ir¼(td)3/12 and Ir¼t3/12 then
r
Ir
Z y
0
Mrdfþ
r
Ir
Z p
y
Mrdf¼ 0 ð6ÞFig. 4. Geometry considering the local wall thinning.
Fig. 5. Internal (a) and external (b) stress distribution in pipe with local wall
thinning: defect angle of 601 and depth of 1 mm.
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dU
dN2
¼ 0, is found, r
Ir
Z y
0
@Mr
@N2
Mrdfþ
r
Ir
Z p
y
@Mr
@N2
Mrdf¼ 0 ð7Þ
where @Mr=ð@N2Þ ¼rð1cosfÞ, @Mr=ð@N2Þ ¼ðrrcosfÞthen
r
Ir
Z y
0
Mrrð1cosfÞdfþ r
Ir
Z p
y
MrðrrcosfÞdf¼ 0 ð8Þ
From Eqs. (5) and (8), it is possible to obtain the membrane
forces N2(y, d, p, r, t) and M2(y, d, p, r, t). In addition, the bending
momentM1(y, d, p, r, t) here are determined substitutingf¼p into
Eq. (3), then
M1 ¼Mf ¼ pr ¼M2N2ðrþrÞþ
p
2
ðrþrÞ2 ð9Þ
and using the equilibrium equation, considering an approximation
of thin-walled pipe, is easy to ﬁnd the membrane force N1(y, d, p, r,
t) given by
N1 ¼ pðrþrÞN2 ð10Þ
2.2. Stress distribution analysis
In this paper, it is assumed that the thickness of thewall is small
in comparison with the radii, i.e., a case of thin-walled tube. Thus,
the stress state can be expressed in circumferential and long-
itudinal components. Furthermore, the circumferential stress dis-
tribution is composed of two parts, one associate with bending
moment and other with normal tension. In non-defect and defect
regions it can be expressed by
sfðx,fÞ ¼
srfðr,fÞ ¼ 
Mr
Ir
ðrurÞþ pritd , rioruoro and 0ofoy
srfðr,fÞ ¼MrIr ðrurÞþ
pri
t , rioruoro and yofop
8<
:
ð11Þ
where Mr and Mr is given in Eqs. (2) and (3).
In order to determine the longitudinal component let us assume
that the cylinder is subjected to a plane strain distribution. Hence,
using generalized Hooke’s law, we have
er ¼
sf
E
nð1þnÞ½ 
ef ¼
sf
E
1n2 
sz ¼ nsf ð12Þ
Fig. 5(a) and (b) show the circumferential and longitudinal
components of internal and external stress distributions as a
function of the angle f, respectively. In this analysis was con-
sidered the following parameters: Young’s modulus, E, equal to
200 GPa; Poisson’s coefﬁcient, n, equal to 0.3; inner pressure, p,
equal to 1 Mpa; inner radius, ri, equal to 50 mm; wall thickness, t,
equal to 2 mm; half angle of total defect, y, equal to 601; depth of
local wall thinning, d, equal to 1 mm.
As illustrated in Fig. 5(a) and (b), there is a signiﬁcant dis-
continuity in stress distribution due to defect. The maximum
external stress occurs when the angle f is equal to zero, on the
other hand, the maximum internal stress is observed in the
discontinuity, when the angle of defect is assumed at limit value,
i.e., y equal to 601.The good agreement between analytical results
and numerical using ﬁnite element method can also be observed.
In the present analyses, the linearly elastic behavior ofmaterials
is taken into account. Thus it is necessary to impose a criteria for
initial yielding in pipe with local wall thinning to validate theresults. The equivalent stress criterion based on Von Mises is
considered and the equivalent stress can be deﬁned as
sVM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ðsfszÞ2þs2fþs2z
h ir
¼ sf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þn2nÞ
q
rSMYS ð13Þ
As can be seen in Fig. 5(a) and (b), the equivalent stress is also
plotted and the good agreement between the results is observed. In
order to guarantee the best performance of the analytical results,
the stress value is taken less than the speciﬁed minimum yield
strength of the material (SMYS).
A carbon steel pipe with the speciﬁed minimum yield strength
of the material (SMYS) equal to 250 MPa is assumed in the present
analysis. This type of pipe is commonly used in the piping system.
Fig. 6 illustrates the maximum value of equivalent stress as a
function of the depth of defect for different angle of defect. These
resultswere obtained considering the same parameters introduced
before in this section.
Fig. 6. Maximum stress associated with Mises yield criterion.
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smaller than 1.5 mm, for all angle of defect, the maximum value of
equivalent stress is linear elastic behavior of material.
2.3. Asymmetric displacement analyses
In the followingdiscussion it is assumed that thepipe is a curved
bar as shown in Figs. 1 and 2. In order to calculate the deﬂections of
the curved bar, it will be used strain energy method, in particular
Castigliano’s theorem. Hence, the total strain energy stored in an
elastic solid occupying a region S is then given by the integral over
the domain
U ¼
Z
S
U0dS ð14Þ
where, considering the linearly elastic behavior of isotropic mate-
rials, the strain energy density is deﬁned by
U0 ¼
1þn
E
s2fþs2z
 
 n
2E
ðsfþszÞ2, i:e, U0ðsfÞ
¼
s2f
2E
ð1n2Þ ð15Þ
To determine the horizontal and vertical displacements, the half
pipe, represented by the curved bar, can be divided in two
quadrants to simplify the problem. The solution of this problem
is developed in the following item.
2.3.1. Horizontal displacement analysis of the pipe with local wall
thinning
The total horizontal displacement is composed of the two
components associated to each quadrant. To determine them, each
horizontal displacement is calculated separately, and to make this,
it is necessary introduction imaginary forces, H1 and H2, as
illustrated in Figs. 3 and 4. The total displacement can be given by
dH ¼ dH1þdH2 ð16Þ
using the Eqs. (14) and (15), we have
dH1 ¼
@U
@H1

H1 ¼ 0
¼ 1n
2
E
Z ro
ri
Z p
p=2
srf
@srf
@H1
" #
H1 ¼ 0
rudfdru
2
4
3
5 ð17Þ
where the circumferential stress, presented in Eq. (11), can be
rewritten adding the term of imaginary force H1, shown in Fig. 3.Then
srf ¼
Mr
Ir
ðrurÞþ pri
t
ðrurÞ
2Ir
H1rsinf

H1 ¼ 0
ð18Þ
following the same idea, considering the quadrant with local wall
thinning,
dH2 ¼
@U
@H2

H2 ¼ 0
¼ 1n
2
E
Z ro
ri
Z y
0
srf
@srf
@H2
" #
H2 ¼ 0
rudfdru
2
4
þ
Z ro
ri
Z p=2
y
srf
@srf
@H2
" #
H2 ¼ 0
rudfdru
3
5 ð19Þ
where
srf ¼
Mr
Ir
ðrurÞþ pri
t
ðrurÞ
2Ir
H2rsinf

H2 ¼ 0
and
srf ¼
Mr
Ir
ðrurÞþ pri
td
ðrurÞ
2Ir
H2rsinf

H2 ¼ 0
ð20Þ
2.3.2. Vertical displacement analysis of the pipe with local wall
thinning
For the total vertical displacement, deﬁned by
dV ¼ dLVþdRV ð21Þ
wehave, following the same ideapresentedpreviously, considering
imaginary forces, FLV and F
R
V
dLV ¼
@U
@FLV

FL
V
¼ 0
¼ 1n
2
E
Z ro
ri
Z p
p=2
srf
@srf
@FLV
" #
FL
V
¼ 0
rudfdru
2
4
3
5 ð22Þ
where
srf ¼
Mr
Ir
ðrurÞþ pri
t
þ ðrurÞ
2Ir
FLV rcosf

FL
V
¼ 0
ð23Þ
dRV ¼
@U
@FRV

FR
V
¼ 0
¼ 1n
2
E
Z ro
ri
Z y
0
srf
@srf
@FRV
" #
FR
V
¼ 0
rudfdru
2
4
þ
Z ro
ri
Z p=2
y
srf
@srf
@FRV
" #
FL
V
¼ 0
rudfdru
3
5 ð24Þ
where
srf ¼
Mr
Ir
ðrurÞþ pri
t
þ ðrurÞ
2Ir
FRV rcosf

FR
V
¼ 0
and
srf ¼
Mr
Ir
ðrurÞþ pri
td
ðrurÞ
2Ir
FRVrcosf

FR
V
¼ 0
ð25Þ
In order to evaluate the asymmetric radial displacements in pipe
with local wall thinning, the analyses are initially conducted by
assuming an inner pressure p equal to 1 MPa, diameter-thickness
radio D/t420 and different defect forms. The horizontal and
vertical displacements, as illustrated in Fig. 7(a) and (b), are
obtained taken into account a pipe with inner radius equal to
50 mm, a pipewall thickness equal to 2 mm, and for each half angle
of total defect, 201, 401, 601, and 901, the depth of localwall thinning
is assumed of 0–1.8 mm.
It can be observed from Fig. 7(a) and (b), that the analytical
results obtained using the analyses developed here is in agreement
with simulated results using ﬁnite elementmethod. It is important
Fig. 7. Horizontal (a) and vertical (b) displacements in pipe with internal defect
subjected to internal pressure.
Fig. 8. Contour graph of displacements, where dH (a) and dV (b) are interpreted as
heightswith respect to the x–y plane. Half angle of total defect of 5–901 and depth of
the defect of 0–1 mm.
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smaller than 1.5 mm due to elastic limit.2.3.3. Pipe defect estimation
In this section, the idea is to present away to estimate the defect
parameters, i.e., predict a half angle of total defect y and depth of
defect d related to horizontal and vertical displacements, dH and dV,
respectively. The contour plots in Fig. 8(a) and (b) show how
horizontal, dH, and vertical displacements, dV, vary according to
defect geometry, respectively. They are obtained using Eqs. (16)
and (21). In this case have been assumed to the pipe, the same
characteristics presented before and the defect geometry is deﬁned
by half angle of total defect of 0–1 mmand depth of defect of 5–901.
For each value of horizontal and vertical displacements, shown
in Fig. 8(a) and (b), there are a value of half angle and defect depth
associated with them. As an example are taken two points in Fig. 9.
The point A, which is the intersection between isolines associated
with horizontal and vertical displacements, i.e., dH¼0.009 mm
and dV¼0.004 mm, has the following coordinates, d¼0.58 mmandy¼74 degree. Moreover, the point B, related to displacements
dH¼0.044 mmand dV¼0.028 mm, is represented by d¼0.58 mm
and y¼341.
It is clear by the example given in the previous paragraph that
it is easy to quantify the defect parameters, which characterize
the defect geometry, knowing the vertical and horizontal
displacements.3. Conclusions and comments
This study was designed to analyze the asymmetric radial
deformation generated by localwall thinning in pipeunder internal
pressure. The idea of these results is to provide an alternative
means of estimating the internal defect in pipe by means of
measuring diameter variations. To solve this, a simple and inex-
pensive method to obtain asymmetric radial deformation was
suggested based on classical Castigliano’s theorem. Taking into
Fig. 9. Isolines of displacements dH and dV.
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analytical predictions and numerical results using the ﬁnite ele-
ment method can be considered. If the radial displacements are
well-known it is possible to estimate the defect dimension and,
consequently, to predict failure in pipe. The authors expected that
by means of radial measurements, associated with present analy-
sis, it will be possible to replace or add inspection like pig scan. It is
important to emphasize that pig scan is only used in pipeline,
should not be used in tub system.Acknowledgements
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